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1. Introduction
Let p > 1 and 1/p+ 1/q = 1. Assume that f (x) and g(x) are continuous real-valued functions on [a, b], then∫ b
a
f (x)g(x)dx ≤
(∫ b
a
f p(x)dx
)1/p (∫ b
a
gq(x)dx
)1/q
.
The above inequality is the well-known Hölder’s inequality [1]. The above inequality plays an important role in different
branches of modern mathematics such as Hilbert space theory, classical real and complex analyses, numerical analysis,
qualitative theory of differential equations and their applications. Due to restrictions on the number of pages, the basic
definitions and theorems of time scale calculus are omitted, and the reader is referred to [2–5].
The purpose of the present paper is to derive a functional generalization of diamond-α integral Hölder’s inequality on
time scales. Some related inequalities are also considered.
2. Main results
In this section, we shall cite the following lemma firstly before we give our result.
Lemma 2.1 (See [2]). Let T be a time scale, a, b ∈ T with a < b. Assume that f and g are continuous functions on [a, b]T.
(1) If f (t) ≥ 0 for all t ∈ [a, b]T, then
∫ b
a f (t)α t ≥ 0.
(2) If f (t) ≤ g(t) for all t ∈ [a, b]T, then
∫ b
a f (t)α t ≤
∫ b
a g(t)α t.
(3) If f (t) ≥ 0 for all t ∈ [a, b]T, then f (t) = 0 if and only if
∫ b
a f (t)α t = 0.
Theorem 2.1 (Hölder’s Inequality). Let T be a time scale, a, b ∈ Twith a < b and p > 1, 1/p+1/q = 1. Let Hl(x1, x2, . . . , xl) >
0, Fm(x1, x2, . . . , xm) and Gk(x1, x2, . . . , xk) be three arbitrary functions of l,m and k variables, respectively. Assume that
{fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}lj=1 are continuous real-valued functions on [a, b]T, then
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a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)Gk(g1, g2, . . . , gk)| α x
≤
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)|p α x
)1/p (∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)|q α x
)1/q
. (2.1)
Moreover, the equality holds if in (2.1) A|Fm(f1, f2, . . . , fm)|p = B|Gk(g1, g2, . . . , gk)|q where A and B are constants. If m =
k = l = 1, F1(f1) = f (x),G1(g1) = g(x) and H1(h1) = h(x) are continuous nonnegative real-valued functions on [a, b]T,
then Theorem 2.1 reduces to Theorem 4.1 obtained by Ammi et al. [2] and Theorem 3.9 obtained by Özkan et al. [6].
Proof. DefiningΩ(Hl, Fm,Gk) as the right-hand side of the inequality (2.1). IfΩ(Hl, Fm,Gk) = 0, then Fm(f1, f2, . . . , fm) = 0
or Gk(g1, g2, . . . , gk) = 0 and the result follows by item 3 of Lemma 2.1. So, we assume that Ω(Hl, Fm,Gk) 6= 0 and apply
the following Young’s inequality
x
1
p y
1
q ≤ 1
p
x+ 1
q
y, x, y ≥ 0 and 1
p
+ 1
q
= 1, p > 1
with equality holds iff x = y, to
ϕ(x) = Hl(h1(x), h2(x), . . . , hl(x))|Fm(f1(x), f2(x), . . . , fm(x))|
p∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Fm(f1(τ ), f2(τ ), . . . , fm(τ ))|p α τ
and
ψ(x) = Hl(h1(x), h2(x), . . . , hl(x))|Gk(g1(x), g2(x), . . . , gk(x))|
q∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Gk(g1(τ ), g2(τ ), . . . , gk(τ ))|q α τ
obtaining
H1/pl (h1(x), h2(x), . . . , hl(x))|Fm(f1(x), f2(x), . . . , fm(x))|(∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Fm(f1(τ ), f2(τ ), . . . , fm(τ ))|p α τ
) 1
p
× H
1/q
l (h1(x), h2(x), . . . , hl(x))|Gk(g1(x), g2(x), . . . , gk(x))|(∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Gk(g1(τ ), g2(τ ), . . . , gk(τ ))|q α τ
) 1
q
≤ 1
p
Hl(h1(x), h2(x), . . . , hl(x))|Fm(f1(x), f2(x), . . . , fm(x))|p∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Fm(f1(τ ), f2(τ ), . . . , fm(τ ))|p α τ
+ 1
q
Hl(h1(x), h2(x), . . . , hl(x))|Gk(g1(x), g2(x), . . . , gk(x))|q∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Gk(g1(τ ), g2(τ ), . . . , gk(τ ))|q α τ
.
Integrating both sides of the obtained inequality between a and b, and using item 2 of Lemma 2.1, we obtain
∫ b
a

H1/pl (h1(x), h2(x), . . . , hl(x))|Fm(f1(x), f2(x), . . . , fm(x))|(∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Fm(f1(τ ), f2(τ ), . . . , fm(τ ))|p α τ
) 1
p
× H
1/q
l (h1(x), h2(x), . . . , hl(x))|Gk(g1(x), g2(x), . . . , gk(x))|(∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Gk(g1(τ ), g2(τ ), . . . , gk(τ ))|q α τ
) 1
q
α x
≤
∫ b
a
{
1
p
Hl(h1(x), h2(x), . . . , hl(x))|Fm(f1(x), f2(x), . . . , fm(x))|p∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Fm(f1(τ ), f2(τ ), . . . , fm(τ ))|p α τ
+ 1
q
Hl(h1(x), h2(x), . . . , hl(x))|Gk(g1(x), g2(x), . . . , gk(x))|q∫ b
a Hl(h1(τ ), h2(τ ), . . . , hl(τ ))|Gk(g1(τ ), g2(τ ), . . . , gk(τ ))|q α τ
}
α x
= 1
p
+ 1
q
= 1.
This leads to the desired inequality. 
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Corollary 2.1 (T = R). Let p > 1 and 1/p + 1/q = 1. Let Hl(x1, x2, . . . , xl) > 0, Fm(x1, x2, . . . , xm) and Gk(x1, x2, . . . , xk)
be three arbitrary functions of l,m and k variables, respectively. Assume that {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}lj=1 are continuous
real-valued functions on [a, b], then∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)Gk(g1, g2, . . . , gk)|dx
≤
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)|pdx
)1/p (∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)|qdx
)1/q
. (2.2)
Moreover, the equality holds if in (2.2) |Fm(f1, f2, . . . , fm)|p = C |Gk(g1, g2, . . . , gk)|q where C is constant. In the special case
p = q = 1/2, Corollary 2.1 reduces to a functional generalization of the continuous version of weighted Cauchy–Schwarz
inequality. Furthermore, if Hl(x1, x2, . . . , xl) = 1, Corollary 2.1 reduces to inequality (4) obtained by Masjed-Jamei [7].
Corollary 2.2 (T = Z). Let p > 1 and 1/p + 1/q = 1. Let Hl(x1, x2, . . . , xl) > 0, Fm(x1, x2, . . . , xm) and Gk(x1, x2, . . . , xk)
be three arbitrary functions of l,m and k variables, respectively. Assume that {ai1, ai2, . . . , aim}ni=1, {bi1, bi2, . . . , bik}ni=1 and{ci1, ci2, . . . , cil}ni=1 are real numbers for any m, k, l ∈ N, then
n∑
i=1
Hl(ci1, ci2, . . . , cil)|Fm(ai1, ai2, . . . , aim)Gk(bi1, bi2, . . . , bik)|
≤
(
n∑
i=1
Hl(ci1, ci2, . . . , cil)|Fm(ai1, ai2, . . . , aim)|p
)1/p ( n∑
i=1
Hl(ci1, ci2, . . . , cil)|Gk(bi1, bi2, . . . , bik)|q
)1/q
. (2.3)
Moreover, the equality holds if in (2.3) |Fm(ai1, ai2, . . . , aim)|p = C |Gk(bi1, bi2, . . . , bik)|q where C is constant. In the special case
p = q = 1/2, Corollary 2.1 reduces to a functional generalization of the discrete version of weighted Cauchy–Schwarz inequality.
Furthermore, if Hl(x1, x2, . . . , xl) = 1, Corollary 2.1 reduces to inequality (3) obtained by Masjed-Jamei [7].
Particular cases when Hl(x1, x2, . . . , xl) = 1 and p = q = 2
(a) (Callebaut inequality). Let
Fm(x1, x2, . . . , xm) = x
1+α1
2
1 x
1+α2
2
2 · · · x
1+αm
2
m and Gm(x1, x2, . . . , xm) = x
1−α1
2
1 x
1−α2
2
2 · · · x
1−αm
2
m .
Assume that {fj(x)}mj=1 are continuous real-valued functions on [a, b]T, then(∫ b
a
f1(x)f2(x) · · · fm(x)α x
)2
≤
∫ b
a
f 1+α11 (x)f
1+α2
2 (x) · · · f 1+αmm (x)α x
∫ b
a
f 1−α11 (x)f
1−α2
2 (x) · · · f 1−αmm (x)α x.
(b) (Cauchy–Schwarz inequality with free parameters). Assume that f (x) and g(x) are continuous real-valued functions
on [a, b]T. Let
F2(f , g) = p1f (x)+ p2g(x)+ p3
∫ b
a
f (u)α u+ p4
∫ b
a
g(u)α u
and
G2(f , g) = q1f (x)+ q2g(x)+ q3
∫ b
a
f (u)α u+ q4
∫ b
a
g(u)α u.
Then (
A1
∫ b
a
f (x)g(x)α x+ A2
∫ b
a
f (x)α x
∫ b
a
g(x)α x+ A3
∫ b
a
f 2(x)α x
+ A4
(∫ b
a
f (x)α x
)2
+ A5
∫ b
a
g2(x)α x+ A6
(∫ b
a
g(x)α x
)2)2
≤
(
B1
∫ b
a
f (x)g(x)α x+ B2
∫ b
a
f (x)α x
∫ b
a
g(x)α x+ B3
∫ b
a
f 2(x)α x
+ B4
(∫ b
a
f (x)α x
)2
+ B5
∫ b
a
g2(x)α x+ B6
(∫ b
a
g(x)α x
)2)
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×
(
C1
∫ b
a
f (x)g(x)α x+ C2
∫ b
a
f (x)α x
∫ b
a
g(x)α x+ C3
∫ b
a
f 2(x)α x
+ C4
(∫ b
a
f (x)α x
)2
+ C5
∫ b
a
g2(x)α x+ C6
(∫ b
a
g(x)α x
)2)
, (2.4)
in which(A1 A2 A3
B1 B2 B3
C1 C2 C3
)
=
p1q2 + p2q1 p4(q1 + hq3)+ q4(p1 + hp3)+ p2q3 + p3q2 p1q12p1p2 2p4(p1 + hp3)+ 2p2p3 p21
2q1q2 2q4(q1 + hq3)+ 2q2q3 q21

and (A4 A5 A6
B4 B5 B6
C4 C5 C6
)
=
p1q3 + p3q1 + hp3q3 p2q2 p2q4 + p4q2 + hp4q4p3(2p1 + hp3) p22 p4(2p2 + hp4)
q3(2q1 + hq3) q22 q4(2q2 + hq4)
 ,
so that h = b − a. Moreover, equality in (2.4) holds if Ai = Bi = Ci for i = 1, 2, . . . , 6, which is equivalent to {pi = qi}6i=1.
This extends some results in [7–9].
(c) (Milne inequality). Let
Fm(x1, x2, . . . , xm) =
√
x21 + x22 + · · · x2m and Gm(x1, x2, . . . , xm) =
x1x2 · · · xm√
x21 + x22 + · · · x2m
.
Assume that {fj(x)}mj=1 are continuous real-valued functions on [a, b]T, then(∫ b
a
f1(x)f2(x) · · · fm(x)α x
)2
≤
∫ b
a
(
f 21 (x)+ f 22 (x)+ · · · + f 2m(x)
)α x ∫ b
a
f 21 (x)f
2
2 (x) · · · f 2m(x)
f 21 (x)+ f 22 (x)+ · · · + f 2m(x)
α x.
Theorem 2.2 (Minkowski’s Inequality). Let T, Fm,Gk,Hl, {fj(x)}mj=1, {gj(x)}kj=1 and {hj(x)}lj=1 be defined as in Theorem 2.1. Then(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p α x
)1/p
≤
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)|p α x
)1/p
+
(∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)|p α x
)1/p
,
(2.5)
where p > 1. Moreover, the equality holds if in (2.5) |Fm(f1, f2, . . . , fm)| = C |Gk(g1, g2, . . . , gk)| where C is constant. If
m = k = l = 1, F1(f1) = f (x),G1(g1) = g(x) and H1(h1) = h are continuous nonnegative real-valued functions on [a, b]T,
then Theorem 2.2 reduces to Theorem 3.12 obtained by Özkan et al. [6].
Proof. First, note that∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p α x
=
∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p−1|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)| α x
≤
∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)| |Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p−1 α x
+
∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)| |Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p−1 α x,
by the triangle inequality. Next, we apply Hölder’s inequality with q = p/(p− 1) to the above inequality to obtain∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|p α x
≤
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)|p α x
)1/p
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×
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|q(p−1) α x
)1/q
+
(∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)|p α x
)1/p
×
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|q(p−1) α x
)1/q
=
{(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)|p α x
)1/p
+
(∫ b
a
Hl(h1, h2, . . . , hl)|Gk(g1, g2, . . . , gk)|p α x
)1/p}
×
(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|q(p−1) α x
)1/q
. (2.6)
Dividing the two sides of inequality (2.6) by(∫ b
a
Hl(h1, h2, . . . , hl)|Fm(f1, f2, . . . , fm)+ Gk(g1, g2, . . . , gk)|q(p−1) α x
)1/q
,
we arrive to Minkowski’s inequality and the theorem is completely proved. 
Remark 2.1. By using diamond-α integral, Ammi and Torres [10] obtained two dimensional Hölder’s inequality on time
scales, although we consider a functional generalization of one dimensional Hölder’s inequality on time scales.
Remark 2.2. Due to two dimensional diamond-α Hölder’s inequality obtained by Ammi and Torres [10], {fj(x, y)}mj=1,
{gj(x, y)}kj=1 and {hj(x, y)}lj=1 are continuous real-valued functions on [a, b]T × [a, b]T, and Fm,Gk and Hl are defined as
in Theorem 2.1, then by Theorems 2.1 and 2.2, we obtain functional generalizations of two dimensional diamond-α integral
Hölder’s inequality and Minkowski’s inequality on time scales.
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